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Abstract
Additional non-isospectral symmetries are formulated for the constrained Kadomtsev-Petvi-
ashvili (cKP) integrable hierarchies. The problem of compatibility of additional symmetries with
the underlying constraints is solved explicitly for the Virasoro part of the additional symme-
try through appropriate modification of the standard additional-symmetry flows for the general
(unconstrained) KP hierarchy. We also discuss the special case of cKP – truncated KP hier-
archies, obtained as Darboux-Ba¨cklund orbits of initial purely differential Lax operators. The
latter give rise to Toda-lattice-like structures relevant for discrete (multi-)matrix models. Our
construction establishes the condition for commutativity of the additional-symmetry flows with
the discrete Darboux-Ba¨cklund transformations of cKP hierarchies leading to a new derivation
of the string-equation constraint in matrix models.
1Work supported in part by U.S. Department of Energy, contract DE-FG02-84ER40173
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Introduction. Relations between integrable models and conformal symmetries have been stud-
ied intensely since the first early signs of their interconnection showed up in the literature in seventies
[1]. More recently, the KdV hierarchy formulation of nonperturbative 2-d quantum gravity [2] in
the framework of (multi-)matrix models prompted more studies in this field. The subsequent work
pointed out the non-isospectral symmetry origin of the pertinent Virasoro constraints on the string
partition function but remained mostly limited to the KdV-like reduction of the KP hierarchy since
it was dealing with the double scaling limit of the matrix models [3].
Quite recently a new class of integrable systems appeared both in mathematical literature [4]
and independently in physics literature [5], where the motivation came from Toda field theory and
discrete matrix models. These systems belong to class of the so called constrained KP hierarchies
(cKP ) as they are obtained by a symmetry reduction (which generalizes the KdV type of reduction)
from the underlying general (unconstrained) KP hierarchy. cKP hierarchies contain a large number
of interesting hierarchies of soliton equations.
We address here the issue of formulation of additional non-isospectral Virasoro symmetry struc-
ture for the cKP hierarchies, or in different words, solving the problem for compatibility of the con-
straints with the additional non-isospectral symmetries of the original KP hierarchy. It is shown
how initially the Virasoro algebra is broken by the constraints down to the sl(2) subalgebra (con-
taining Galilean and scaling symmetries) of the Virasoro algebra and how the Virasoro symmetry
(for the Virasoro generators Ln , n ≥ −1) is recovered by modifying generators via adding a new
structure consisting of ghost flows related to the plethora of (adjoint) eigenfunctions characteristic
for the cKP hierarchies.
We also discuss the special case of cKP hierarchies – the so called truncated KP hierarchies
obtained as Darboux-Ba¨cklund (DB) orbits of initial purely differential Lax operators. They are
associated with Toda-lattice-like discrete integrable systems which can be naturally embedded in
the cKP hierarchies and which are relevant for the description of discrete (multi-)matrix models.
Applying here our construction establishes the condition for commutativity of additional-symmetry
flows with the discrete Darboux-Ba¨cklund transformations. This condition sheds new light on
the derivation of the string-equation constraint (string condition) for matrix models. Details of
calculations will appear elsewhere [6].
Background on KP Hierarchy. We use the calculus of the pseudodifferential operators to de-
scribe the KP hierarchy of nonlinear evolution equations. In what follows the operator D is such
that [D , f ] = f ′ with f ′ = ∂f = ∂f/∂x and it satisfies the generalized Leibniz rule (eq.(57) from
Appendix).
The main object here is a pseudo-differential Lax operator L of a generalized KP hierarchy:
L = Dr +
r−2∑
j=0
vjD
j +
∑
i≥1
uiD
−i (1)
The associated Lax equations
∂
∂tl
L =
[
L
l
r
+ , L
]
l = 1, 2, . . . (2)
(recall that x ≡ t1) describe isospectral deformations of L. In (2)and below, the subscripts (±) of
pseudo-differential operators indicate purely differential/pseudo-differential parts. Commutativity
of the isospectral flows ∂
∂tl
(2) is then assured by the Zakharov-Shabat equations. One can also
represent the Lax operator in terms of the dressing operator W = 1 +
∑∞
1 wnD
−n through L =
1
W DrW−1. In this framework equation (2) is equivalent to the so called Wilson-Sato equation:
∂
∂tl
W = −
(
WDlW−1
)
−
W (3)
For a given Lax operator L, which satisfies Sato’s flow equation (2), we call the function Φ (Ψ),
whose flows are given by the expression3 :
∂Φ
∂tl
= L
l
r
+(Φ) ;
∂Ψ
∂tl
= − (L∗)
l
r
+ (Ψ) l = 1, 2, . . . (4)
an (adjoint) eigenfunction of L. In (4) we have introduced an operation of conjugation, defined by
simple rules D∗ = −D and (AB)∗ = B∗A∗. An eigenfunction, which in addition also satisfies the
spectral equations Lψ(λ, t) = λψ(λ, t) is called Baker-Akhiezer (BA) function.
Additional Symmetries for the KP hierarchy. The KP hierarchy has an infinite set of commut-
ing symmetries associated with the isospectral flows described above (eq.(2)). However, the group
of symmetries of the KP hierarchy is known to be much bigger. The extra symmetries are called
“non-isospectral” or “additional” symmetries. A convenient approach to deal with symmetries of
the integrable hierarchies of equations was developed by Orlov and Schulman (see [7, 8, 9]) and
this is the approach we will use in this paper. Other important contributions to the subject of
additional symmetries for the KP hierarchy were made by Fuchssteiner [10] and Chen et al. [11].
See also references [12] for the related discussion of the AKNS model, [13] for the truncated KP
hierarchy and [14] for treatment of the generalized matrix hierarchies.
Let M be an operator “canonically conjugated” to L such that:[
L , M
]
= 1l ,
∂
∂tl
M =
[
L
l
r
+ , M
]
(5)
The M -operator can be expressed in terms of dressing of the “bare” M (0) operator
M (0) =
∑
l≥1
l
r
tlD
l−r = X(r) +
∑
l≥1
l + r
r
tr+lD
l ; X(r) ≡
r∑
l=1
l
r
tlD
l−r (6)
conjugated to the “bare” Lax operator L(0) = Dr. The dressing gives
M =WM (0)W−1 =WX(r)W
−1 +
∑
l≥1
l + r
r
tr+lL
l
r =
∑
l≥0
l + r
r
tr+lL
l
r
+ +M− (7)
M− =WX(r)W
−1 − tr −
∑
l≥1
l + r
r
tr+l
∂W
∂tl
.W−1 (8)
where in (8) we used eqs.(3). Note thatX(r) is a pseudo-differential operator satisfying
[
Dr , X(r)
]
=
1l .
The so called additional (non-isospectral) symmetries [7, 8] are defined as vector fields on the
space of KP Lax operators (1) or, alternatively, on the dressing operator through their flows as
follows:
∂¯k,nL = −
[ (
MnLk
)
−
, L
]
=
[ (
MnLk
)
+
, L
]
+ nMn−1Lk ; ∂¯k,nW = −
(
MnLk
)
−
W (9)
3For any (pseudo-)differential operator A and a function f , the symbol A(f) will indicate application (action) of A
on f as opposed to the symbol Af meaning just operator product of A with the zero-order (multiplication) operator
f .
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The additional flows commute with the usual KP hierarchy flows given in (2). But they do not
commute among themselves, instead they form theW1+∞ algebra (see e.g. [8]). One finds that the
Lie algebra of operators ∂¯k,n is isomorphic to the Lie algebra generated by −z
n(∂/∂z)k. Especially
for n = 1 this becomes an isomorphism to the Virasoro algebra ∂¯k,1 ∼ −Lk−1, with [Ln , Lk ] =
(n− k)Lk.
Constrained KP Hierarchy and Additional Symmetry. We now turn to the main problem of
this letter, namely, compatibility of the additional Virasoro symmetry with the constraints defining
the cKP hierarchy. We first introduce the symmetry constraints leading to the cKP hierarchy. Let
∂αi be vector fields, whose action on the standard KP Lax operator Q = D +
∑∞
i=0 uiD
−i−1 is
induced by the (adjoint) eigenfunctions Φi,Ψi of Q through [4]:
∂αiQ ≡ [Q , ΦiD
−1Ψi] (10)
We have the following proposition:
Proposition 1 The vector fields ∂αi commute with the isospectral flows of the Lax operator Q:[
∂αi ,
∂
∂tl
]
Q = 0 l = 1, 2, . . . (11)
Definition 1 The constrained KP hierarchy (denoted as cKPr,m) is obtained by identifying the
“ghost” flow
∑m
i=1 ∂αi with the isospectral flow ∂r of the original KP hierarchy.
Comparing (10) with equation (2) we find that for the Lax operator belonging to the cKPr,m
hierarchy we have Qr− =
∑m
i=1 ΦiD
−1Ψi. Hence we are led to the Lax operator L = Q
r given by
L = L+ +
m∑
i=1
ΦiD
−1Ψi = D
r +
r−2∑
l=0
vlD
l +
m∑
i=1
ΦiD
−1Ψi (12)
and subject to the Lax equation (2). Therefore, we parametrize the cKPr,m hierarchy in terms of
the Lax operator (12). Note that the (adjoint) eigenfunctions Φi, Ψi of the original Lax operator
Q used in the above construction remain (adjoint) eigenfunctions for L (12) [15].
Applying the additional-symmetry flows (9) on L (12) for n = 1 we get
(
∂¯k,1L
)
−
=
[ (
MLk
)
+
, L
]
−
+
(
Lk
)
−
(13)
Using the simple identities (59) and (61) from Appendix for the Lax operator (12), we are able to
rewrite (13) as:
(
∂¯k,1L
)
−
=
m∑
i=1
(
MLk
)
+
(Φi)D
−1Ψi−
m∑
i=1
ΦiD
−1
(
MLk
)∗
+
(Ψi) +
m∑
i=1
k−1∑
j=0
Lk−j−1(Φi)D
−1 (L∗)j (Ψi)
(14)
Here
L(Φi) ≡ L+(Φi) +
m∑
j=1
Φj∂
−1
x (ΨjΦi) (15)
(and similarly for the adjoint counterpart) denotes action of L on Φi. Notice that L
k−j−1(Φi),
(L∗)j (Ψi) are (adjoint) eigenfunctions of L (12). Hence, whereas the original L (12) belongs to the
3
class of cKPr,m hierarchies, the transformed Lax operator given by ∂¯k,1L (cf. eq.(14)) belongs to a
different class – cKPr,m(k−1) (for k ≥ 3), since the number of eigenfunctions has increased.
For k = 0, 1, 2 the flow equations (14) can still be rewritten in the desired original cKPr,m form:
(∂τL)− =
m∑
i=1
(∂τΦi)D
−1Ψi +ΦiD
−1 (∂τΨi) (16)
with ∂τ ≡ ∂¯k,1 (k = 0, 1, 2), where:
∂¯0,1Φi = (M)+ (Φi) ; ∂¯0,1Ψi = − (M)
∗
+ (Ψi) (17)
∂¯1,1Φi = (ML)+ (Φi) + αΦi ; ∂¯1,1Ψi = − (ML)
∗
+ (Ψi) + βΨi α+ β = 1 (18)
∂¯2,1Φi =
(
ML2
)
+
(Φi) + L(Φi) ; ∂¯2,1Ψi = −
(
ML2
)∗
+
(Ψi) + L
∗(Ψi) (19)
Note an ambiguity on the right hand sides of (18).
The fact, that the action of the additional-symmetry flows can be defined on the (adjoint)
eigenfunctions Φi,Ψi (as in (17)–(19)) in a way which is consistent with the additional-symmetry
flows (13) on the constrained Lax operator (12), is equivalent to compatibility of the constraints
with additional-symmetry flows for the KP hierarchy.
Since the additional flows satisfy an algebra
[
∂¯l,1 , ∂¯k,1
]
= − (l − k) ∂¯l+k−1,1 we have an iso-
morphism ∂¯k,1 ∼ −Lk−1 with the Virasoro operators and equations (17)–(19) contain the sl(2)
subalgebra generators L−1,L0,L1.
Since for ∂τ ≡ ∂¯k,1 k ≥ 3, eq.(16) does not hold anymore due to absence of consistent defini-
tions for ∂¯k,1Φi, ∂¯k,1Ψi generalizing (17)–(19) for higher k, it appears that the symmetry constrains
behind the cKP hierarchies have broken the additional Virasoro symmetry down to the sl(2) sub-
algebra.
To recover the complete Virasoro symmetry, our strategy will be to redefine the additional-
symmetry generators. We first describe our technique for k = 3 in which case equation (13)
contains a term:(
L3
)
−
=
m∑
i=1
ΦiD
−1 (L∗)2 (Ψi) +
m∑
i=1
L (Φi)D
−1L∗ (Ψi) +
m∑
i=1
L2 (Φi)D
−1Ψi (20)
Note that the middle term in (20) is not of the form of required by equation (16). At this point we
recall that for
X ≡
I∑
k=1
MkD
−1Nk (21)
with definitions (12) and (21) we find using identity (60) from Appendix:
[X , L ]− =
I∑
k=1
(
−L(Mk)D
−1Nk +MkD
−1L∗(Nk)
)
+
m∑
i=1
(
X(Φi)D
−1Ψi − ΦiD
−1X∗(Ψi)
)
(22)
According to 1 the flows generated by (22) will commute with the isospectral flows (2) provided
Mi, Ni are (adjoint) eigenfunctions, which will be the case in what follows. Considering now as an
example:
Y3 ≡
1
2
m∑
i=1
(
ΦiD
−1L∗ (Ψi)− L (Φi)D
−1Ψi
)
(23)
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we find that
[Y3 , L ]− = −
(
L3
)
−
+
3
2
m∑
i=1
(
ΦiD
−1 (L∗)2 (Ψi) + L
2 (Φi)D
−1Ψi
)
+
m∑
i=1
(
Y3(Φi)D
−1Ψi − ΦiD
−1Y ∗3 (Ψi)
)
(24)
Hence
[
−
(
ML3
)
−
+ Y3 , L
]
−
still has a form of (16). Therefore, it may be possible to find addi-
tional symmetries for the cKP model by combining the original ∂¯k,1 flows and the so-called ghost
flows (associated with operators of Y3 type). This will work provided that the above construction
yields the Virasoro generator L2 obeying the correct algebra with the unbroken sl(2) generators
found above in (17)–(19). Note that each of the two terms in (23) could have been used with an
appropriate factor to obtain the similar conclusion as in (24). The choice of the coefficients in Y3
(23), apart from being the most symmetric combination, has the advantage that it will lead below
to the correct Virasoro algebra commutators.
We now generalize the above manipulations to an arbitrary k. We introduce the pseudo-
differential operators:
Yk ≡
m∑
i=1
k−2∑
j=0
(
j −
1
2
(k − 2)
)
Lk−2−j(Φi)D
−1 (L∗)j (Ψi) ; k ≥ 2 (25)
which are non-zero for k ≥ 3. Notice that (22) and identity (61) from Appendix enable us to obtain:
[Yk , L ]− =
k
2
m∑
i=1
(
ΦiD
−1 (L∗)k−1 (Ψi) + L
k−1(Φi)D
−1Ψi
)
(26)
−
(
Lk
)
−
+
m∑
i=1
(
−ΦiD
−1Y ∗k (Ψi) + Yk(Φi)D
−1Ψi
)
Our main result is contained in the following
Proposition 2 The correct additional-symmetry flows for the cKP hierarchies (12), spanning the
Virasoro algebra, are given by:
∂∗k L ≡
[
−
(
MLk
)
−
+ Yk , L
]
(27)
i.e., with the following isomorphism Lk−1 ∼ −
(
MLk
)
−
+ Yk, where Yk are defined in (25).
Indeed, using (26) we first find that (∂∗kL)− can be cast in the form of (16) with
∂∗k Φi =
(
MLk
)
+
(Φi) +
k
2
Lk−1(Φi) + Yk(Φi) ; ∂
∗
k Ψi = −
(
MLk
)∗
+
(Ψi) +
k
2
(L∗)k−1(Ψi)− Y
∗
k (Ψi)
(28)
Taking into account that Yi = 0 for i = 0, 1, 2 we see that eq.(28) reproduces (17)-(19) (with
ambiguity on the right hand side of (18) removed by fixing α = β = 1/2). Hence ∂∗ℓ = ∂¯ℓ,1 for
ℓ = 0, 1, 2.
5
Secondly, we note that the modified additional flows defined by (27) commute with the isospec-
tral flows (2) and, due to (28), they preserve the form of the cKP Lax operator (12). The remaining
question is whether they form a closed algebra. To answer this question we first calculate
∂∗ℓ L
k(Φi) =
(
MLℓ
)
+
(
Lk(Φi)
)
+
(
k +
1
2
ℓ
)
Lk+ℓ−1(Φi)
∂∗ℓ (L
∗)k(Ψi) = −
(
MLℓ
)∗
+
(
(L∗)k (Ψi)
)
+
(
k +
1
2
ℓ
)
(L∗)k+ℓ−1(Ψi) (29)
valid for ℓ = 0, 1, 2 and k ≥ 0, and use it to obtain the following identity:
∂¯ℓ,1 Yk = ∂
∗
ℓ Yk =
[ (
MLℓ
)
+
, Yk
]
−
+ (k − ℓ)Yk+ℓ−1 ; ℓ = 0, 1, 2 (30)
Accordingly, for ℓ = 0, 1, 2 and any k ≥ 0 we arrive at the fundamental commutation relations:
[ ∂∗ℓ , ∂
∗
k ] L = (k − ℓ) ∂
∗
k+ℓ−1 L (31)
The above discussion shows that [Li , Lk ] = (i − k)Li+k for i = −1, 0, 1 (sl(2) generators) and
arbitrary k, where Lk−1 ∼ −∂
∗
k . Accordingly, if L2 is associated with Y3 −
(
ML3
)
−
all higher
Virasoro operators can be obtained recursively from
Ln+1 =
−1
(n− 1)
[Ln , L1 ] (32)
One can now easily show by induction that Lk , k ≥ −1 obtained in the above way form a closed
Virasoro algebra up to terms, which commute with the sl(2) generators. For illustration consider,
e.g., [L2 , L3 ] ≡ Z. Commuting L−1 with Z we find [L−1 , Z ] = 6L4, which fixes Z to be −L5 up
to terms commuting with the sl(2) subalgebra. It is easy to see how to extend this argument to
cover the whole Virasoro algebra.
Darboux-Ba¨cklund of cKP Hierarchies. Truncated KP Hierarchies. Let Φ be an eigenfunction
of L defining a Darboux-Ba¨cklund transformation, i.e. :
∂
∂tl
Φ = L
l
r
+(Φ) , L˜ =
(
ΦDΦ−1
)
L
(
ΦD−1Φ−1
)
, W˜ =
(
ΦDΦ−1
)
W D−1 (33)
Then the DB-transformed M operator (cf. (7)) acquires the form:
M˜ =
(
ΦDΦ−1
)
M
(
ΦD−1Φ−1
)
=
∑
l≥0
l + r
r
tr+lL˜
l
r
+ + M˜− (34)
M˜− = W˜ X˜(r)W˜
−1 − tr −
∑
l≥1
l + r
r
tr+l
∂
∂tl
W˜ . W˜−1 (35)
where X˜(r) = DX(r)D
−1 withX(r) as in (6). Clearly X˜(r), like X(r), is also admissible as canonically
conjugated to Dr.
In particular, for L belonging to a cKP hierarchy (12) we consider special class of DB transfor-
mations (33) which preserve the constrained cKP form of L :
L˜ = TaLT
−1
a = L˜+ +
m∑
i=1
Φ˜iD
−1Ψ˜i , Ta ≡ ΦaDΦ
−1
a (36)
Φ˜a = TaL(Φa) , Ψ˜a = Φ
−1
a (37)
Φ˜i = Ta(Φi) , Ψ˜i = T
−1
a
∗
Ψi = −Φ
−1
a ∂
−1
x (ΨiΦa) , i 6= a (38)
6
where the DB-generating Φ ≡ Φa coincides with one of the eigenfunctions of the initial L (12).
Let us consider the following generic class of DB orbits on cKPr,m : within each subset of m
successive DB steps we perform DB transformations (36) w.r.t. the m different eigenfunctions of
(12). Repeated use of a composition formula for Wronskians (see eqs.(66)–(68) from Appendix)
leads us to the following explicit expressions for the eigenfunctions and the τ -function after km+ l
steps (1 ≤ l ≤ m) of successive DB transformations (see also ref.[16]) :
Φ
(km+l)
i = T
(km+l−1)
l · · ·T
(km)
1 T
(km−1)
m · · ·T
((k−1)m)
1 · · · T
(m−1)
m · · ·T
(0)
1 χ
(k±)
i
=
W
[
Φ
(0)
1 , . . . ,Φ
(0)
m , χ
(1)
1 , . . . , χ
(1)
m , . . . , χ
(k−1)
1 , . . . , χ
(k−1)
m , χ
(k)
1 , . . . , χ
(k)
l , χ
(k±)
i
]
W
[
Φ
(0)
1 , . . . ,Φ
(0)
m , χ
(1)
1 , . . . , χ
(1)
m , . . . , χ
(k−1)
1 , . . . , χ
(k−1)
m , χ
(k)
1 , . . . , χ
(k)
l
] (39)
χ
(k+)
i ≡ χ
(k+1)
i for 1 ≤ i ≤ l ; χ
(k−)
i ≡ χ
(k)
i for l + 1 ≤ i ≤ m
τ (km+l)
τ (0)
= Φ
(km+l−1)
l · · ·Φ
(km)
1 Φ
(km−1)
m · · ·Φ
((k−1)m)
1 · · ·Φ
(m−1)
m · · ·Φ
(0)
1
=W
[
Φ
(0)
1 , . . . ,Φ
(0)
m , χ
(1)
1 , . . . , χ
(1)
m , . . . , χ
(k−1)
1 , . . . , χ
(k−1)
m , χ
(k)
1 , . . . , χ
(k)
l
]
(40)
where the upper indices in brackets indicate the order of the corresponding DB step, the zero index
referring to the “initial” cKP Lax operator, and where we have employed the short-hand notations:
T
(k)
i ≡ Φ
(k)
i D
(
Φ
(k)
i
)−1
; χ
(s)
i ≡
(
L(0)
)s
(Φ
(0)
i ) , i = 1, . . . ,m (41)
As seen from (36)–(38) and (39), the DB orbit L(k) =
(
L(k)
)
+
+
∑m
i=1 Φ
(k)
i D
−1Ψ
(k)
i of cKPr,m,
starting from a purely differential initial L(0) =
(
L(0)
)
+
, defines a class of truncated cKPr,m hierar-
chies where the m adjoint eigenfunctions Ψi ≡ Ψ
(k)
i are not independent from the m eigenfunctions
Φi ≡ Φ
(k)
i since both are parametrized in terms of m independent functions Φ
(0)
i only.
As a simple example of truncated cKP hierarchies, consider formulas (39)–(40) for the DB orbit
of cKP1,m hierarchy (the so called “multi-boson” reduction of the general KP hierarchy) starting
from a “free” initial L(0) = D. In this case we have to substitute in (39)–(40) :
χ
(s)
i ≡ ∂
sΦ
(0)
i , Φ
(0)
i =
∫
Γ
dλφ
(0)
i (λ) exp
∑
r≥1
λrtr
 (42)
with arbitrary “densities” φ
(0)
i (λ) (and with appropriate contour Γ such that the λ-integrals exist).
A special feature of truncated cKP1,m is that their dressing operators are truncated (having only
finite number of terms in the pseudo-differential expansion, cf. [13]) :
W (km+l) = T
(km+l−1)
l · · ·T
(km)
1 T
(km−1)
m · · ·T
((k−1)m)
1 · · ·T
(m−1)
m · · ·T
(0)
1 D
−km−l =
km+l∑
j=0
w
(km+l)
j D
−j
(43)
where notations (41) were used.
The particular case m = 1 of (36)–(38), (39)–(40) yields:
L(k+1) =
(
Φ(k)DΦ(k)
−1)
L(k)
(
Φ(k)D−1Φ(k)
−1)
= D +Φ(k+1)D−1Ψ(k+1) (44)
Φ(k+1) = Φ(k)
(
ln Φ(k)
)′′
+
(
Φ(k)
)2
Ψ(k) , Ψ(k+1) =
(
Φ(k)
)−1
(45)
Φ(n) =
Wn+1[φ, ∂φ, . . . , ∂
nφ]
Wn[φ, ∂φ, . . . , ∂n−1φ]
, τ (n) =Wn[φ, ∂φ, . . . , ∂
n−1φ] (46)
7
where
φ ≡ Φ(0) =
∫
dλφ(0)(λ) exp
{
∞∑
r=1
trλ
r
}
(47)
The hierarchies given by (44) are generalizations of the Burgers-Hopf hierarchy defined by L(1) =
D + φ(lnφ)′′D−1φ−1.
Additional Symmetries versus DB Transformations for cKP Hierarchies. String Condition.
With the help of identities (62)–(65) from Appendix we find the following explicit form of the DB
transformation of the operators Yk (25) :
TaYkT
−1
a = Y˜k −
(
L˜(a)
)k−1
−
+
{
Ta
(
Yk +
k
2
Lk−1
)
(Φa)
}
D−1Φ−1a (48)
(
L˜(a)
)k−1
−
≡
k−2∑
j=0
L˜k−j−2(Φa)D
−1
(
L˜∗
)j
(Ψa) (49)
Here L˜, Ta are as in (36) and the DB-transformed Y˜k have the same form as Yk in (25) with all
(adjoint) eigenfunctions substituted with their DB-transformed counterparts as in (36)–(38). Also
notice that in the particular case of cKPr,1 hierarchies
(
L˜(a)
)k−1
−
(49) coincides with the (pseudo-
differential part of the power of the) full cKPr,1 Lax operator (cf. eq.(12) for m = 1 and (61)).
Taking into account (36)–(38) and (48)–(49) we arrive at the following important
Proposition 3 The additional-symmetry flows (27) for cKPr,1 hierarchies (eq.(12) with m = 1)
commute with the Darboux-Ba¨cklund transformations (36) preserving the form of cKPr,1, up to
shifting of (27) by ordinary isospectral flows. Explicitly we have:
∂∗kL˜ = −
[ (
M˜L˜k
)
−
− Y˜k , L˜
]
+
∂L˜
∂tk−1
(50)
Proposition 3 shows that the additional-symmetry flows (27) are well-defined for all cKPr,1
Lax operators belonging to a given DB orbit of successive DB transformations. Notice that it is
precisely the class of (truncated) cKPr,1 hierarchies which is relevant for the description of discrete
(multi-)matrix models [17, 15, 16].
Motivated by applications to (multi-)matrix models (see ref.[6]), one can require invariance of
cKP hierarchies under some of the additional-symmetry flows, e.g., under the lowest one ∂∗0 ≡
∂¯0,1 known as “string-equation” constraint (string condition) in the context of the (multi-)matrix
models:
∂∗0L = 0 →
[
M+ , L
]
= −1l ; ∂∗0Φ = 0 → M+Φ = 0 (51)
Eqs.(51), using second eq.(5),(7) and first eq.(28) for k = 0, lead to the following constraints on L
(12) and its DB-generating eigenfunction Φ, respectively:
∑
l≥1
l + r
r
tr+l
∂
∂tl
L+
[
t1 , L
]
δr,1 = −1l (52)∑
l≥1
l + r
r
tr+l
∂
∂tl
+ tr
Φ = 0 (53)
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Recall now the formula (40) for the τ -function of the cKPr,m hierarchy (12). Noticing that the
eigenfunctions Φ(k) of the DB-transformed Lax operators L(k) satisfy the same constraint eq.(53)
irrespective of the DB-step k, we arrive at the following result (“string-equation” constraint on the
τ -functions) :
Proposition 4 The Wronskian τ -functions (40) of cKPr,m hierarchies (12), invariant under the
lowest additional symmetry flow (51), satisfy the constraint equation:∑
l≥1
l + r
r
tr+l
∂
∂tl
+ ntr
 τ (n)
τ (0)
= 0 (54)
As the simplest illustration of this proposition, consider the discrete one-matrix model corre-
sponding to the generalized Burgers-Hopf hierarchy, i.e., to the chain of the Lax operators connected
via DB transformations as described in eqs.(44)-(45), but with the additional restriction on φ ≡ Φ(0)
(47) (coming from the orthogonal polynomial formalism) :
φ =
∫
dλ exp
(
∞∑
r=1
trλ
r
)
, i.e. φ(0)(λ) = 1 (55)
The initial “free” eigenfunction (55) obeys the constraint eq.(53) (for r = 1) and, therefore, propo-
sition 4 (with r = 1) yields precisely the “string-equation” in the one-matrix model:
L
(N)
−1 WN [φ, ∂φ, . . . , ∂
N−1φ] = 0 , L
(N)
−1 ≡
∞∑
k=2
ktk
∂
∂tk−1
+Nt1 (56)
Furthermore, as one can check directly [6], the Wronskian τ -function (second eq.(46)) with φ
restricted as in (55) automatically satisfies all higher Virasoro constraints. Thus, we conclude that
for the particular class of cKP hierarchies – the generalized Burgers-Hopf hierarchies (44)–(47),
invariance under the lowest additional-symmetry flow automatically triggers invariance under all
higher additional-symmetry flows as well.
Appendix: Technical Identities. We list here for convenience a number of useful technical
identities, which have been used extensively throughout the text.
We work with calculus of pseudo-differential operators based on the generalized Leibniz rule:
Dnf =
∞∑
j=0
(
n
j
)
(∂jf)Dn−j (57)
For an arbitrary pseudo-differential operator A we have the following identity:(
χDχ−1AχD−1χ−1
)
+
= χDχ−1A+χD
−1χ−1 − χ∂x
(
χ−1A+(χ)
)
D−1χ−1 (58)
where A+ is the differential part of A = A+ +A− =
∑∞
i=0AiD
i +
∑−1
−∞AiD
i.
For a purely differential operator K and arbitrary functions f, g we have an identity
[K , fD−1g]− = K(f)D
−1g − fD−1K∗(g) (59)
Another useful technical identity involves a product of two pseudo-differential operators of the form
Xi = fiD
−1gi , i = 1, 2 :
X1X2 = X1(f2)D
−1g2 + f1D
−1X∗2 (g1) (60)
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where X1(f2) = f1∂
−1
x (g1f2), etc.. . From the above identity it follows the relation [18]:
(
Lk
)
−
=
m∑
i=1
k−1∑
j=0
Lk−j−1(Φi)D
−1 (L∗)j (Ψi) (61)
for the cKP Lax operator (12).
Let us also list some useful identities involving Darboux-Ba¨cklund -like transformation of
pseudo-differential operators of the Xi-form above:
Ta
(
ΦaD
−1N
)
T−1a =
(
Φ2aN
)
D−1Φ−1a (62)
Ta
(
MD−1Ψa
)
T−1a = M˜D
−1
(
L˜∗(Ψ˜a)
)
+
{
Ta
(
M∂−1x (ΨaΦa)
)}
D−1Φ−1a (63)
Ta
(
MD−1N
)
T−1a = M˜D
−1N˜ +
{
Ta
(
M∂−1x (NΦa)
)}
D−1Φ−1a (64)(
L˜∗
)s
(Ψ˜a) = −Φ
−1
a ∂
−1
x
(
Φa (L
∗)s−1 (Ψa)
)
(65)
where Φa is one of the eigenfunctions of a cKP Lax operator L (12) and
Ta ≡ ΦaDΦ
−1
a , Ψ˜a = Φ
−1
a
M˜ ≡ Ta(M) = Φa∂x
(
Φ−1a M
)
, N˜ ≡ T−1a
∗
(N) = −Φ−1a ∂
−1
x (ΦaN)
Finally, let us recall the following important composition formula for Wronskians [19] :
Tk Tk−1 · · · T1(f) =
Wk(f)
Wk
(66)
where
Tj =
Wj
Wj−1
D
Wj−1
Wj
=
(
D +
(
ln
Wj−1
Wj
)′)
; W0 = 1 (67)
Wk ≡Wk[ψ1, . . . , ψk] = det
∥∥∥∂i−1x ψj∥∥∥ , Wk−1 (f) ≡Wk[ψ1, . . . , ψk−1, f ] (68)
References
[1] G. Barucchi and T. Regge, J. Math. Phys. 18 (1977) 1149; N.H. Ibragimov and A.B. Shabat, Dokl.
Akad. Nauk SSSR 244 (1979) 1
[2] M. Douglas, Phys. Lett. 238B (1991) 176; E. Martinec, Commun. Math. Phys. 138 (1991) 437; A.
Gerasimov, Yu. Makeenko, A. Marshakov, A. Mironov, A. Morozov and A. Orlov, Mod. Phys. Lett.
A6 (1991) 3079; R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B348 (1991) 435; L. Alvarez-
Gaume´, C. Gomez and J. Lacki, Phys. Lett. B253 (1991) 56; A. Morozov, Physics Uspekhi 37 (1994)
1 (also in hep-th/9303139); in hep-th/9502091
[3] J. Goeree, Nucl. Phys. B358 (1991) 737; H. La, Mod. Phys. Lett. A6 (1991) 573; M. Adler, and P. van
Moerbeke, Commun. Math. Phys. 147 (1992) 25; S. Panda and S. Roy, Int. J. Mod. Phys. A8 (1993)
3457 (also in hep-th/9208065); J. van de Leur, J. Geom. Phys. 17 (1995) 95 (also in hep-th/9403080)
[4] W. Oevel and C. Rogers, Rev. Math. Phys. 5 (1993) 229; Y. Cheng, J. Math. Phys. 33 (1992) 3774;
B. Konopelchenko and W. Strampp, J. Math. Phys. 33 (1992) 3676; Y. Cheng, W. Strampp and B.
Zhang, Commun. Math. Phys. 168 (1995) 117
10
[5] L. Bonora and C.S. Xiong, Phys. Lett. 317B (1993) 329; H. Aratyn, E. Nissimov, S. Pacheva and I.
Vaysburd, Phys. Lett. 294B (1992) 167 (also in hep-th/9209006); H. Aratyn, L.A. Ferreira, J.F. Gomes
and A.H. Zimerman, Nucl. Phys. B402 (1993) 85 (also in hep-th/9206096); H. Aratyn, E. Nissimov
and S. Pacheva, Phys. Lett. 331B (1994) 82 (also in hep-th/9401058)
[6] H. Aratyn, E. Nissimov and S. Pacheva, preprint to appear
[7] A. Orlov and E. Schulman, Letters in Math. Phys. 12 (1986) 171; A. Orlov, in Plasma Theory and
Nonlinear and Turbulent Processes in Physics (World Scientific, Singapore, 1988); L. Dickey, Commun.
Math. Phys. 167 (1995) 227 (also in hep-th/9312015); Mod. Phys. Lett. A8 (1993) 1357 (also in hep-
th/9210155) M. Adler, T. Shiota and P. van Moerbeke, Phys. Lett. 194A (1994) 33; L. Haine and E.
Horozov, Bull. Sc. Math., 2-e serie, 117 (1993) 485
[8] L. Dickey, “Lectures on classical W -algebras”, Cortona lectures, 1993; “Soliton Equations and Hamil-
tonian Systems”, World Scientific, Singapore (1991)
[9] P. van Moerbeke, in Lectures on Integrable Systems, (eds. O. Babelon et al), World Scientific, 1994
[10] W. Oevel and B. Fuchsteiner, Phys. Lett. 88A (1982) 323; B. Fuchsteiner, J. Math. Phys. 34 (1993)
514 (and references therein)
[11] H. H. Chen, Y. C. Lee and J. E. Lin, Physica D9 (1983) 439
[12] D. Chen and H. Zhang, J. Physics A24 (1991) 377; V.E. Adler, Theor. Mat. Phys. 89 (1991) 323; M.
Man˜as, J. Geom. Phys. 17 (1995) 1
[13] S. Aoyama and Y. Kodama, Phys. Lett. 278B (1992) 56; Phys. Lett. 295B (1992) 190
[14] T.J. Hollowood, J.L. Miramontes and J. J. Sa´nchez Guille´n, J. Physics A27 (1994) 4629 (also in hep-
th/9311067)
[15] H. Aratyn, E. Nissimov and S. Pacheva, Phys. Lett. 201A (1995) 293 (also in hep-th/9501018); H.
Aratyn, Lectures at the VIII J.A. Swieca Summer School, 1995 (also in hep-th/9503211)
[16] H. Aratyn, E. Nissimov and S. Pacheva, solv-int/9512008, to be published in “New Trends in Quantum
Field Theory”, eds. A. Ganchev, R. Kerner and I. Todorov, Heron Press (Proceedings of the second
Summer Workshop, Razlog/Bulgaria, Aug-Sept 1995)
[17] H. Aratyn, E. Nissimov, S. Pacheva and A.H. Zimerman, Int. J. Mod. Phys. A10 (1995) 2537 (also in
hep-th/9407112)
[18] B. Enriquez, A.Yu. Orlov and V.N. Rubtsov, solv-int/9510002
[19] E.L. Ince, Ordinary Differential Equations, chap. V, London, 1926;
M.M. Crum, Quart. J. Math. Oxford 6 (1955) 121;
M. Adler and J.Moser, Commun. Math. Phys. 61 (1978) 1
11
